The advent of gravitational wave astronomy provides new proving grounds for testing theories of gravity. Recent work has reinvigorated the study of bimetric theories of gravity and massive gravity theories. One of the most interesting predictions of these theories is the subluminal speed of propagating gravitational waves. Multi-messenger astronomy provides a unique opportunity to put limits on the difference between the propagation speed of electromagnetic and gravitational waves from these sources. This paper considers two multi-messenger cases: first, the limits from isolated pulsars based on the current best limits from LIGO on gravitational wave emission, and second the limits from ultra-compact binaries that will be visible to a low-frequency space-based gravitational wave observatory like LISA. The required phase comparison between the electromagnetic signal and the gravitational wave signal is derived, and assuming a null result in that comparison, the current bounds on emission are used to place limits on alternative theories that exhibit propagation delays. Observations of the pulsars in the most sensitive range of LIGO could put an upper limit on the graviton mass as low as 10 −21 eV c 2 and an upper limit on the fractional difference between the gravitational wave and electromagnetic wave speeds as low as 10 −9 ; for a LISA-like mission the bounds are even better, 10 −23 eV c 2 and 10 −12 respectively.
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I. INTRODUCTION
One of the first dynamical results derived from general relativity was the theoretical prediction of gravitational wave solutions to the field equations by Einstein [1] . Initially discounted by Einstein as undetectable, owing to their extremely small coupling to physical detectors, attempts to experimentally observe these waves did not begin in earnest until the 1960s with the development of resonant bar detectors. In the time since those pioneering efforts, technology has expanded the field of gravitational wave astronomy dramatically with the advent of broadband detection schemes across the entire gravitational wave spectrum. The very low-frequency regime (f gw ∼ 10 −9 Hz) is currently being explored using pulsar timing techniques [2] , and in the next decade the lowfrequency band (f gw ∼ 10 −3 Hz) will be probed by spacebased gravitational wave interferometers, the archetype of which has been the LISA design concept [3] . The highfrequency band (50Hz f gw 1000 Hz) is being covered by a globe-girdling network of kilometer-scale gravitational wave interferometers on the ground, including the European GEO-600 [4] and Virgo [5] detectors, and a pair of American detectors known as LIGO [6] . The design sensitivity of these detectors will, within the next decade, reach a level where regular detection of gravita- * Electronic address: jeffrey.hazboun@gmail.com † Electronic address: s.larson@northwestern.edu tional wave sources will become a common occurrence, giving birth to a new branch of observational science, gravitational wave astronomy [7] . The advent of gravitational wave astronomy promises to dramatically expand our ability to probe astrophysical systems, since gravitational waves encode detailed information about the bulk distribution and motion of matter, information that is highly complementary to the usual information carried by photons. Direct detection of gravitational waves promises to provide accurate luminosity distances to binary systems [8] , probes of the engines for gamma-ray bursts [9] , information about the shape [10] and equation of state of neutron stars [11, 12] , and many other astrophysical phenomena. These astrophysical results can be amplified when combined with associated electromagnetic observations. Multi-messenger observations propose to synthesize a coherent picture of an astrophysical system by using simultaneous gravitational wave (GW) and electromagnetic (EM) observations to constrain the physical state of the source.
Another important application of multi-messenger observations is testing gravitational theory. There have been many proposals whereby gravitational wave observations could be used to test the precepts of general relativity using a variety of astrophysical systems observed by ground-based and space-based gravitational wave detectors [13] [14] [15] . Of particular interest in this paper are propagation tests, where the emission and arrival of gravitational waves are compared directly to electromagnetic waves. Such comparisons allow a variety of gravitational theories to be tested, including massive graviton theories, and bimetric theories [13, 16] . Both will be examined in detail here.
The outline of the paper is as follows. In Section 2 we briefly outline the premise of alternative theories of gravity, including bimetric theories of gravity and massive graviton theories. In section 3 we outline types of astrophysical systems that can be used for establishing bounds based on propagation tests, and outline the premise of the signal comparison; the sources of interest include lowfrequency, ultra-compact binaries (a prospective source for space-based detectors), and isolated, continuous wave sources such as pulsars (a prospective source for groundbased detectors). Section 4 and 5 outline the bounds that can be expected based on the physical parameters of detectable systems, and section 6 concludes with discussion and speculation on future work.
Unless noted otherwise, geometricized units where G = c = 1 are used throughout.
II. ALTERNATIVE THEORIES OF GRAVITY
The classical tests of general relativity proposed by Einstein were geared toward validating the predictions of relativity, and many considerations today are still focused on this goal, mounting up the decimal places of agreement to higher and higher precision. As our sophistication with gravitational theory has grown, it has become more common to consider alternative theories of gravity which may predict different behavior for physical systems than general relativity. The predicted behaviors may be dramatically different from general relativity in strongly gravitating systems, but may produce measurable differences, as well, in systems which only deviate slightly from Newtonian gravity. Gravitational waves offer an important tool for probing the existence of alternative theories, since they often predict different polarization structures for the gravitational waves [17] , or, as considered in this work, different propagation speeds v gw for the waves (general relativity predicts that v gw = c).
One example are bimetric theories of gravity, where the metric that characterizes the pathways followed by light and gravitational waves may be different [18] . These theories, first examined by Rosen and others in the 1970's, have seen a recent resurgence since 2011 when Hassan and Rosen [19] showed that there is a connection between massive gravity theories and bimetric theories. Massive gravity theories, first proposed by Fierz and Pauli [20] , have had a very dynamic history. They were discounted in the 1960's because of the vDVZ discontinuity (van Dam, Veltman, Zhakarov) [21, 22] , which was later found to be a gauge effect solved using the Vainshtein mechanism [23] . Later the existence of Boulware-DeWitt ghosts (negative norm states) [24] was found in these theories. In 2011 the deRham, Gabadadze, Tolley model [25] showed that a large class of massive gravity theories did not exhibit pathological behavior. In the same year Hassan and Rosen showed that this class of theories is free of ghosts. Rosen and Hassan [19] later showed that bimetric theories can be derived from these new massive gravity theories, and so the theories have been connected. The theoretical debate is far from over as issues have been found concerning superluminality and causality in these theories [26] . Various versions of string theory have also been shown to admit an effective mass for the graviton [27] . The purpose of the current work is to look at experimental bounds on all of these theories using gravitational wave propagation speed.
In some classes of bimetric theories, one or more polarizations of the gravitational waves propagate along null geodesics of a flat spacetime described by the metric η µν , [18, 28] whereas electromagnetic waves propagate on the null geodesics of a "physical metric" g µν . If |η µν | and |g µν | are typical magnitudes of the metric elements, then an experimental bound on the effect of the bimetric theory on propagating signals is
where v gw is the propagation speed for gravitational waves and v em is the propagation speed for electromagnetic waves. Directly measuring the propagation speed between simultaneous gravitational and electromagnetic wave signals emitted by an astrophysical system yield experimental values of δ; as δ becomes smaller (δ → 0 is the GR limit), bimetric theories become more strongly constrained. Sufficiently small values of δ will rule out different bimetric theories. The bimetric theory discussed in [29] lists δ = 10 −27 − 10 −22 as the range to look for interesting observational features, while some massive graviton theories, able to explain the acceleration of the expansion of the universe without dark energy, require the mass of the graviton to be on the order of 10 −32 eV c 2 [30, 31] .
III. ASTROPHYSICAL SIGNALS
In order to consider measurements of δ in Eq. 1, astrophysical systems must be identified where electromagnetic signals can be detected simultaneously with gravitational wave signals. For the purposes of making a comparison |v gw − v em |, long-lived continuous sources are of the most interest. Different astrophysical systems will have different detectability on both the electromagnetic and gravitational wave fronts. Here we consider sources, in the context of high-frequency (ground-based) gravitational wave sources, and low-frequency (space-based) gravitational wave sources.
A. Electromagnetic Signals
In the high-frequency gravitational wave band, covered by ground-based detectors like LIGO and Virgo, the prospective continuous wave source of interest for this study are isolated pulsars. The electromagnetic signal from pulsars is a periodic pulse of electromagnetic energy recurring at the spin frequency of the pulsar. The detectability of a given pulsar depends on its luminosity, distance, and the sensitivity of the telescope being used to observe it. There are some 2000 radio pulsars known [32] , though ongoing surveys are continuing to search for and add to this number. Future large scale radio surveys, enabled by instrumentation such as the Square Kilometer Array [33] are expected to increase the size of this catalog by an order of magnitude. Currently the most distant known pulsar (and the most luminous) is J1823-3021A, 27,000 light years away in globular cluster NGC 6624. The number of systems that could be probed for the purposes of this work is roughly the Milky Way space density of pulsars multiplied by a sphere whose radius is equal to the most distant reach of our telescopes. If the distance to PSR J1823-3021A is characteristic of the maximum distance to which a pulsar can be detected, then current technology would allow us to probe a volume that covers roughly half the galaxy; future high sensitivity surveys will expand this volume.
In the low-frequency gravitational wave band, covered by space-based detectors similar to the classic LISA concept [3] , such as eLISA [34] and SGO [35] , ultra-compact binaries are a guaranteed source (for all mission concepts under consideration). These systems are short period binaries comprised of two stellar remnants; white dwarfs are the most common, followed by neutron stars and black holes. Population synthesis models have estimated that the population of these sources will number in the tens of millions (e.g. [36] ). The total population in the galaxy will be so large that the signals will be overlapping and unresolved at frequencies f 3 mHz. Studies have suggested that thousands of individual systems will be individually resolvable [37] [38]; a significant subset of these are expected to be detectable by both gravitational wave detectors and electromagnetic telescopes [39] .
B. Comparing light and gravitational waves
Throughout this work the assumption will be made that v em = c. Is this assumption justified? If v em < c, then photon propagation would be delayed by some mechanism, making it all but impossible to construct a meaningful comparison of the two propagation speeds suggested by Eq. 1. Consider the possibility of slow photons in the context of the photon having a putative mass. The relativistic energy of a massive particle is
, so the velocity of the particle will be v c
If we assume the particles travel very close to c, so m E, we can write
Consider existing bounds on the mass of both the photon and the graviton. The current bound on the mass of the photon from propagation experiments is m em < 2×10
eV/c 2 [40] . For optical photons, λ = 500 nm and E ∼ 2.5 eV, implying
One can also consider graviton mass bounds in the context of propagation delays. For existing solar system bounds on the graviton mass, m g < 4.4 × 10 −22 eV/c 2 . In the high frequency band covered by ground-based detectors (f 1 kHz), then E gw = hf 4.1 × 10 −12 eV, yielding
Similarly, for gravitational waves in the low-frequency band covered by space-based detectors (f 1 mHz) have E gw = hf = 4 × 10 −18 eV, and
The result of this consideration is that any putative propagation delay in the electromagnetic signal is currently constrained far better than similar bounds on propagation delays in gravitational signals. Eq. 1 can be recast in terms of ε as
This suggests that current bounds on propagation effects already provide good bounds on δ; the remainder of this work explores how multi-messenger detections of gravitational wave sources will further constrain δ.
C. Multi-messenger phase comparison
By simultaneously monitoring a source in the electromagnetic spectrum and the gravitational wave spectrum, the phase of the gravitational wave signal may be compared to the phase of the electromagnetic light curve (either orbital modulation in binaries, or pulse streams for an isolated pulsar). The phases of the electromagnetic and gravitational wave signals will be offset when they arrive at a distant observer's location in a manner which depends on the specific astrophysical details of the emitting system. For circularized binaries, the gravitational wave signal emission peaks along the axis connecting the two constituents of the binary; for asymmetric pulsars the gravitational wave signal emission peaks when the maximum distortion is in a plane along the line of sight.
Generically, for a wave of frequency f i propagating with speed v i over a distance D from the source to the observer, the observed phase is given by
The phase difference between the EM light curve and the GW waveform at any epoch is given by
where α is a phase offset at the time of emission due to differences in the emission process between gravitational waves and the electromagnetic light curve. In general, α is unknown, though in some cases (such as eclipsing binaries) it's value can be determined from additional constraints on the geometry of the system. In principle, α has two components -one due to delays in the emission model (geometric factors that influence the location of the electromagnetic emission) and one which is due to propagation delays experienced by the signals on their flight toward Earth. Propagation delays can be characterized by the photons traveling through media with non-unit index of refraction: first through the interstellar medium, and then through the Earth's atmosphere. Given the typical distance to sources that will be simultaneously detectable in both EM and GW spectra, the typical phase delay from propagation delays is estimated to be α prop ∼ 5×10 −11 , about 4 orders of magnitude less than the expected accuracy of the raw phase measurements themselves [41] , and can be safely neglected for this analysis.
The emission model contribution to α parameterize the initial phase lag between the gravitational wave and electromagnetic signal. It is an astrophysical quantity which represents the relative phase difference between the peaks in the light curve and the peaks in the quadrupolar gravitational radiation pattern. In a binary, determining the value of α requires knowledge of the position of the stars at the time the light curve peaks. In a pulsar α will represent the difference between the beam emission and the ellipticity that gives the quadrupole moment.
The ability to determine α will be limited by understanding the model for electromagnetic emission, and ultimately by the errors associated with each of the independent phase measurements.
Since α is a constant additional factor in the phase, it can be eliminated by considering the phases at two different observing epochs. Consider Figure 1 , showing a detector at two different observing epochs, physically separated by a distance s. the two positions are separated in time by τ (where τ = 0 for two, simultaneously observing detectors), then the phase difference between the two epochs is
For all the sources considered in this work (isolated pulsars, and ultra-compact binaries) the gravitational wave frequency and electromagnetic frequency are related by f gw = 2f em ; in the case of pulsars, f em is the spin frequency, and in the case of binaries, f em is the orbital frequency. Making this constraint then yields
D. Null experiments
To date, there is a strong bias toward the belief that gravitational radiation is correctly described by general relativity, with gravitational waves propagating with speed v gw = v em = c on the background spacetime metric. As such, measurements looking for deviations from the predictions of general relativity are expected only to produce bounds constraining alternative theories. The approach taken here will be to interpret model measurements as a null experiment -consider the case where no deviation will be detected, and δ can only be bound by the size of the experimental errors, within which any putative difference between general relativity and an alternative theory can hide.
In this approach, all the errors in the measurement are ascribed to putative differences between the propagation speeds, v gw and v em . The origin of the errors, whether they be gravitational wave phase errors δφ gw or electromagnetic phase errors δφ em , is not critical; limiting bounds on alternative theories are derived from the total phase error δφ defined by adding the errors in the individual phases in quadrature:
Errors in the individual phase measurements are estimated from the details of the observing campaigns that will recover the phases. In the case of gravitational wave measurements, the errors are proportional to the SNR of the signal over the duration of the observation [42, 43] :
Following [43, 44] we can then write the rms SNR as
where S SA h (f gw ) is the spectral noise density of a given detector as a function of frequency. The EM phase error will depend on the errors inherent in measuring the time of arrival of the data points that comprise the light curve. Generically, for a timing uncertainty δt over a light curve period τ c , the EM phase uncertainty will be
For typical timing errors and periods of interacting binaries in the millihertz band (like AM CVn), δt ∼ 10 −4 s, with light curve periods of τ c ∼ 1000 s [45] , yielding δ em ∼ 6 × 10 −7 . For pulsars, typical precision in time of arrival measurements are δt ∼ 10 −13 s, with pulse periods of τ c ∼ 0.01 s, yielding δ em ∼ 10 −11 [53] [32] .
IV. PULSARS AS MULTI-MESSENGER SOURCES
As sensitivity improves, ground-based gravitational wave detectors like LIGO and Virgo have been placing stricter limits on the ellipticity of known pulsars using null detection (upper bounds on ellipticity fixed by not detecting the pulsars in the gravitational wave data stream) [10, 46, 47] . The known data from electromagnetic observations of these pulsars includes the rotational frequency, mass, and inclination, all of which are needed to estimate the amplitude of any putative gravitational wave signal. However we cannot directly measure the principle moment of inertia, and therefore cannot fully predict the strain. For the purposes of this work, the critical information is the phase of the gravitational waves, which would be compared to the phase of an electromagnetic signal; constraints on a gravitational wave phase measurement can be estimated from the known data. The presumption in this approach is that the result will also be a null detection, and the accumulated error from the measurement process can be attributed to the propagation effect under consideration, a difference in wave speed between the gravitational waves and the electromagnetic waves emitted by the pulsar.
For demonstration here, one can model the eccentricity of the pulsar as a bump on its spin equator, assuming that the spin axis is a principal axis. For the two polarizations states, this gives amplitudes [48] h + = h 0 1 + cos 2 ι 2 cos (2πf gw t)
where h 0 is a scaling amplitude written in terms of the pulsar ellipticity as
Here we do not include the spin-down of these pulsars since the error introduced over the three year observation period by the change in frequency is at most 3 orders of magnitude smaller than the gravitational error itself. Using LIGO over a three year measurement period and using the error in gravitational wave phase to calculate the maximum value of δ we get
where the factor of β is a multiplicative factor that includes all the same information as the parameter α, β ≡ 1 + α [54]. Assuming instead that the discrepancy from the speed of light reveals a graviton with non-zero mass the error shows that the graviton mass, calculated from the LIGO error curve is
When taken as a function of frequency, there is a minimum in the graviton mass, while δ continues to decrease as the frequency of the gravitational waves increases. The calculation can of course be done for any pulsar where the frequency is known, but we limit our scope to the 116 pulsars focused on in [10] . We have calculated the limits that would be given by the 116 pulsars from [10] in Appendix 1.
V. BINARIES AS MULTI-MESSENGER SOURCES
The ultra-compact binaries are one of the principal sources that will be detected by space-based gravitational wave interferometers. It is expected that a LISA class mission will detect on the order of a 10 4 individually resolved ultra-compact binaries [37] , of which ∼ 10 2 or more will be simultaneously observable in gravitational waves and with electromagnetic telescopes [39] . Foremost among these will be a group of ultra-compact binaries that have already been detected electromagnetically, and are expected to be strong sources of gravitational wave emissions that will be detected very soon after a space-based observatory becomes operational; these are collectively known as verification binaries [49] . The frequency band of interest is populated by systems that have orbital periods on the order of several thousand seconds to tens of seconds, and the gravitational wave emission is well described by the quadrupole formula [50, 51] . The gravitational wave emission extracts energy and angular momentum from the binary on long timescales, until ultimately the components merge (for compact stellar remnants like neutron stars and black holes, the merger occurs at high frequencies, in the regime covered by groundbased gravitational wave detectors). The overall strength of the gravitational waves depends on a scaling factor h o :
(21) where f o is the orbital frequency of the binary, D is the luminosity distance, and
is the "chirp mass" of the system. Using a space-based interferometer over a three year measurement period and using the error in gravitational wave phase from Eq.14 to calculate the maximum value of δ we get
If instead we choose to characterize the discrepancy as a massive graviton we have
For the analysis here, it is assumed the binaries are monochromatic over the duration of the measurement. Generically, the contribution of a frequency derivativeḟ will only be important for binaries that evolve in frequency by an amountḟ · ∆T δf = 1/T obs , where δf is the frequency resolution of the observation.
VI. DISCUSSION
Once regular gravitational wave observations commence, and gravitational wave data becomes openly available to the astronomical community, multimessenger observing campaigns for known, targeted sources will become possible. Similarly, as electromagnetic surveys continue to expand new and interesting multi-messenger targets will be discovered that will expand the suite of targets that can be used to bound alternative theories using the propagation analysis presented here.
Given the possible ranges of astrophysical parameters that can reasonably expected to be covered by future discoveries, the analysis here can by summarized by bounding curves on the maximum deviation in propagation speed from the speed of light, δ (Eq. 1), and the graviton mass m g . In Figure 2 we have drawn the relationship between the frequency of the pulsar and the target quantities in this manuscript; the difference from the speed of light in the upper panel and the mass of the graviton in the lower panel. The curves have been drawn for three different values of the ellipticity, against the standard LIGO spectral density curve for the canonical value of I 3 (10 38 kg m 2 ), fixed observation time (T = 3 yrs) and negligible β.
Generically, one sees that much better bounds on δ are obtained from higher spin frequencies. The dependence on ellipticity is a manifestation of the dependence of the gravitational wave emission on the star being deformed; there is stronger emission from strong deformations, leading to higher SNR, thus as the ellipticity increases the bound on δ increases. Similarly, one can see that the ellipticity is the more important factor for putting a limit on the graviton mass at higher frequencies in the band. The expected limits from non-detection of known sources [10] (the Crab Pulsar and PSR J0024-7024C) are indicated. Similarly in Figure 3 we have drawn the relationship between the orbital frequency of an ultra-compact binary and the quantities of concern in this manuscript; the difference from the speed of light in the upper panel and the mass of the graviton in the lower panel. The curves have been drawn for three different values of the chirp mass, M, again for the standard LISA spectral density curve and for fixed observation time and negligible β. As was the case with the pulsars, overall bounds are improved by increasing the SNR, so higher mass systems produce more stringent bounds. The expected bound from the detection of known systems (AM CVn and RX J0806.3+1527) are indicated.
These curves are representative of the null interpretation used in this paper; for a source in the space of these plots, the point is an upper bound on the deviations from general relativity produced by the alternative theory. Improved accuracy in phase measurements, or direct gravitational wave detections of a source that firmly establish currently unknown parameters (such as the ellipticity of a known pulsar) will further constrain the alternative theories by pushing the upper bounds to lower values.
Lastly, one should note that the work presented here is a proof of concept, demonstrating the bounds on alternative theories that could be derived from current best results and reasonable predictions for our ability to conduct multi-messenger observing campaigns. There are both theoretical and logistical issues that we choose not to consider here. From a theoretic standpoint it should be noted that in at least one bimetric theory [28, 52] only the dilatational mode (not found in GR and not detectable by single interferometers) moves at a propagation speed slower than c. The observational logistical details will only emerge after the nascent multi-messenger partnerships between the electromagnetic and gravitational wave communities grow into full fledged coordinated observing programs.
